IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

S-function series revisited

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1993 J. Phys. A: Math. Gen. 26 2179
(http://iopscience.iop.org/0305-4470/26/9/014)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 01/06/2010 at 21:15

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/9
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

L. Phys. A: Math. Gen. 26 (1993} 2179-2197. Printed in the UK

S-function series revisited*®
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Abstract. A systematic and readily programmable computational method is given {o extract
the S-function content of any arbitrary symmetric polynomial function. Applications to the
derivation of new series and the outer product or skew division of an S-function by a series are
shown, ’

1. Introduction

Schur functions or S-functions are symmetric polynomials whose importance stems from
the fact that they play a major role in the character theory of compact (Littlewood 1950,
Wybourne 1970, Macdonald 1979) as well as non-compact Lie groups (Rowe et al 1985,
King and Wybourne 1985). Operations on S-functions have been studied extensively, several
S-functions series are now well established and various methods have been devised to
convert generating functions to their S-function content and vice versa (Littlewood 1950,
Bender and Knuth 1972, McConnell and Newell 1973, Burge 1974, King 1975, Macdonald
1979, King et al "1981, Black et al 1983, Josefiak and Weyman 1985, Yang and Wybourne
1986, Lascoux and Pragacz -1988).

However, the importance of S-function series is not limited to the so-called ‘classical’
ones as Yang and Wybourne (1986) so rightfully pointed out in their systematic study of
series. For example in the framework of the symplectic shell model (and their submodels)
nuciear configurations are labelled by {{L}) (Rowe et al 1985, King and Wybourne 1985), the
infinite-dimensional (holomorphic discrete series) irreps of the symplectic group Sp(2ZN, R)
with N = 3, where {A} is a standard S-function in not more than three parts. Since under
the restriction of Sp(2N, RR) to its subgroup U(N) the symplectic irrep decomposes as

{rAh (A D ' (1.1)
and, inversely, one has
{u} 1 {u}-C) , ' ' (1.2)

the product of two sympilectic irreps is given by

AR =Y (X))
3 (xh = (v} - D) 1.3)
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as can be seen by considering

Sp(2N, R) | U(N) 1 Sp2N, R)

{AD{vh § (A} D{v}- D 1 ({(AHv}- D - D - C). (1.4)

The exploitation of (1.3) then involves the evaluation of the S-function content of the infinite
series {A}{v}- D.

On the other hand, it was shown in an earlier paper (Carvatho 1990) that the symplectic
irreps that span the configuration space of 2 nucleus of mass number A can be found by
evaluating the product of A copies of the infinite series of S-functions M followed by the
product with the series C , i.e.

DA =M -M-M---MC). (L5)
A times

Now, if the S-function content of either compound series (1.3) or (1.5) is obtained from
the known S-function content of the classical series D or M and C, the resulting expansions
appear ordered according to the increasing weight of the S-functions or, equivalently, the
symplectic irreps appear ordered according to the increasing spherical harmenic oscillator
energy content. However, neither do all irreps correspond to allowed nuclear configurations
(due to the Pauli principle) nor are the configurations of lower spherical harmonic oscillator
energy necessarily the most important ones.

For A = 16, for example, irreps {{A}} for which the weight of the corresponding S-
functions {A} is less than 12 do not correspond to possible configurations of '®0 and, even
for a light nucleus such as 90, a configuration labelled by an S-function of weight 16 is
more relevant to the description of its low-lying spectrum than one corresponding to an
3-function of weight 14.

Obvicusly, as the mass number A increases the minimum weight physically allowed
increases and the relevant symplectic ireps are found at quite high spherical harmonic
oscillator energy levels compared to the minimum. It is then desirable to have an economical
method that produces those S-functions in the expansion that are of physical interest without
having to generate all of them.

It is with the above mentioned problem in mind and the fact that other algebraic models
may encounter similar problems involving different series that the objective of this paper is
to give a systematic procedure for the computation of the S-function content of any finite
or infinite symmetric polynomial functicn.

The organization of the paper is as follows. Definitions and relations between
polynomials and S-functions are reviewed in section 2. In section 3, McConnell’s and
Newell’s method is applied to a general symmetric polynomial. The S-function content
of three general fypes of series is derived in section 4 and, in section 5, an algorithm is
presented to calculate the multiplicity of a given S-function in the expansions, Finally, in
section 6, some examples of the applicability of the method are shown.

All illustratives examples throughout the text are kept simple so that the reader may
check the results quickly by hand.

2. Polynomials and S-functions

A general S-function (or Schur-function), labelled by a set of [ integers, called parts,
{A1, A2, ..., Ar}, is a symmetric polynomial function of a set of p > ! indeterminates
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o, &2, ..., &, which can be given conveniently by the bideterminantal formula (McConnell
and Newell 1973),

det(e* "™/ det(af ™) RS

where t,5s = 1,..., p denote the rows and columns respectively of the p x p determinants.

The integer | £ p specifies the ‘length’ of the S-function, (i.e. the number of its non-

vanishing parts when in standard form) and w = A; + A2 + - - - + A; denotes its ‘weight.
For example, the sum of the monomial symmetric functions (Macdonald 1979)

hns D my = ZaﬁZa tay + ) el

[vl=r
n—p+1 :
o o, + -0 ifn>p
+ Za}’l‘zafzot,-a + -t Z : g . (2.2}
Zaila:'z"' in ifr<p
where each sum is taken over only those values of ij, /2. ... leading to distinct terms,

corresponds to the complete symmetric S-function {r}, in one part only, which in accordance
with definition (2.1) can be written as ) )

~1 -2
AP g o
-1 —
AL GRS :
det ) . /AW (2.3)
n-l-p—[ p.—2 ) '0
11 o, C!p

where A(e) is the Vandermonde determinant

Afer) = det(ef ™) =] [ ~ ). . 2.4)

I
On the other hand, the elementary symmetric functions (Macdonald 1979)
e = Zm;,afz el with nsp {2.5)

can be expressed in determinantal form as

4p-1 1+p-2 - i+ p—
o (2 a,1+P . al"i'P noo a(l)
1+p-1 — -
a2+p a’é+p 2 P a,;"‘P L ag
detf . . .  PZNCY (2.6)
lp—l  _lip=2 _itp— T
ap+p ap-i-p a_p—!—p ] ag

and corresponds to the S-function {17} (cf (2.1)).
An S-function {1} (s; in Macdonald’s notation) is said to be ‘standard’ if its parts satisfy
the condition A1 Z A2 2 --- 2 A, 2 0.
) Non-standard S- functxons can be converted to standard ones by successive apphcatlons
of the modification rule (Littlewood 1950)

{A, A2 oo Afpy s Aty hpb=—{A1, A2, .., '—k,...,]\.,'_k-i—k,...,lp} 2.7
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derived from the rule for interchanging two columns in & determinant and the definition
(2.1). On the other hand, in conformity with the fact that a determinant is zero if two of
its columns are identical, a non-standard S-function vanishes if two of its parts are related
by (cf again (2.1))

Mok =X —k. (2.8)

Any standard S-function in / parts has /! — 1 equivalent non-standard counterparts.
For example, the standard S-function in three parts, {i(, A2, A3}, is equivalent to the five
non-standard S-functions indicated in the following diagram:

{llsAZsls}
Ve A
~{A2 =1, A+ 1,23} =i A3~ 1, 2+ 1}
: ) (2.9)
A — 1, A =1, AL+ 2} Ffhs—2, A1+ 1, A+ 1}
: Ny e
—fAz =2, Az, A + 2}

where the + or — signs are dictated by relation (2.7). If, for the particular values assumed
by A;, either the /th part, p;, of a non-standard S-function satisfies p; < i —{ or any two
of its parts are related by (2.8), then this non-standard S-function vanishes identically.

3. McConnell’s and Newell’s method

The method of determining the S-function content of a series by means of an intermediate
determinantal form of the generating function was first used, to great effect, by McConnell
and Newell (1973), The technique is reviewed here as it is applied to obtain the S-function
expansion of symmetric polynomials of the type

D afal. 3.1)

where 41,¢2,...,q9p are fixed non-negative integers and the sum includes all p!
permutations of g1,¢2,...,4,. Note that the number of indeterminates in which the
polynomial function is expressed determines the maximum length of the S-functions
appearing in the expansion.

In the following, and for the sake of simplicity of presentation, the number of
indeterminates is restricted to p = 3. Generalization of the results to a larger number
of indeterminates is, however, straightforward. Let us then consider the S-function content
of Yo afaf.

The first step in implementing McConnell’s and Newell’s method is to multiply the
given polynomial by A(w) {cf equation (2.4))

af'e?af x Ale) +af'afed x Ale) +ol'afad x A)

+of'affad x Ale) + of'ofel x A@) +of of el x Alw) (3.2a)
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\;vhich produces the following six determinants

a‘h-I'?- r_):<n+1 aq:+0 aqz+2 aqz'H aq:-*-o
1 1 1 LS 1
+2 1 0 2 1 0
det agz . agz-'- aga+ +det agﬁ- ag|+ ag;-&-
q3+2 q3+1 3+0 q1+2 s+ q+0
o B o o3 g Lt N oo
q1+2 a1+l g1+0 g2 a1 a0
at 2 i 1 % 0 1 +2 1 +1 % +0
+det | ot o P | £ det| @ o2 of
g2+2 go¥1 g2+0 qi+2 a+1 qu+0
o3 ] o3 ; Q3 @ ]
ga+2 ga+1 q3+0 g3+2 g3+l qs+0
IV B 0 o 2 & " | w0
+det| of'? oI o | +det | & &7 of . (3.25)
gz+2 ga+1 g2+0 qr+2 g1+l q+0
oy o oy g oy oy

The next step is to regroup the monomial terms in such way that they can be arranged into
six determinants each of the type given in the numerator of definition (2.1):

atlh'l'Z aq:-%-l atll3+ﬂ a?’z-’r?- afl;rl-l a£11‘3+0
2
det | o™ of' oBY0 | 4 det| o¥PP oI P
qi+2 qa+1 q3+0 gz+2 q1+1 q3+0
O O3 oy o o3 oy
g1+2 ga+1 G20 g3+2 g1+t q2+0
% 2 1 1 % | 1 2 *l i %1 +0
+det| ot o o | +det| oFT AT o
g1+2 g3+1 q2+0 g3-+2 qi+l1 q2+0
a5 Q3 oy , o3 @ @3
ga+2 @a+1 a0, g3+2 g2+1 qi+0
1 +2 1 +1 1 +0 %1 +2 o1 +1 o1 +0
+det | & o7 o | det]| ofT o7 of (3.3)
2
a§z+ ag‘g-!-l agl+0 ag;-i—Z a;{z+l ug;+0

and now dividing (3.3) by A(a) to recover the original polynomi&l, we get, according to
equation (2.1), the following set of S-functions

> al'offaf = (q19003} + {20143} + (919592} + {39102} + )} + (32} (34)

Note that there are as many S-functions in the expansion (3.4}, as monomial terms in the
original polynomial. However, each S-function in (3.4) is built from contributions from all
six monomial terms and the absence of one of them (unless identical to another existing
term) makes the construction of the whole S-function expansion impossible. Note also that
if g1 # g2 # ¢z only one of the S-functions is standard. Although for the objective of
this paper it is not important to have the S-functions in standard form it is obvious that
application of the modification rules to (3.4} vields a result analogous to that of Littlewood
{1950), namely

Zaflaczhaga = ZC(M{A’}

where {A} are standard S-functions, in three parts, of weight g, + g2 + g3 and C™ their
multiplicity. )
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4. Classical S-Function series and their derivatives

‘What is commonly called a “series of S-functions” (Littlewood 1950} is a set of S-functions
which have the same origin, the so-called ‘generating function’. The basic difference
between a series and, for example, expansion (3.4) is the fact that the S-functions that
constitute the series have increasing weights and {0} = 1 is always the first term. Some
generating functions produce infinite series (i.e. there is no limit for the maximum weight)
regardless of the number of indeterminates in the polynomial function; others yield a finite
number of S-functions, which is dependent on the number of arguments of the generating
function. Three basic types of generating functions will be discussed in the following,

4.1. Finite series

4.1.1. S-function series produced by the generating function.
) .
[Ta—ep* with 7, & > 0. (4.1)
:

For £ = 1 and r = 1 the resulting series has been identified in the literature (Yang and
Wybourne 1986) as the series L; for k=1 and r =2 it is the series V.

Defining the ‘symmetric power sum’ functions (Wybourne 1970, Macdonald 1979), p,,
of the indeterminates «;, by

Pr= Zaf
i
and making use of the property that for any polynomial P(e)

Pl@)® p, = P(&)

where ®@ denotes symmetrized product or ‘plethysm’, one concludes that (4.1) is then the
generating function of the series [L & p,J.

The S-function content of this series can be found by expanding the generating function
(4.1} as a sum of symmetric polynomials of the type (3.1), as follows

i =0

I

Il
i =t

) , (4.2)
SN atk b, dp) e L
=0 =0 =0
where
a1l . 1) = (—1yrtirte (K (R (F (4.3a)
Li\n I
and ‘

k k! P
(l,)"—m w:thl—1,2,...,p. (4'3b)
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Since Iy, b, ..., I, take, independently, all integer values from zero to k and the
coefficients a(k, Iy, %, ..., I;) are invariant under any permutation of a particular sequence
of values (I3, 5, ..., 1), expansion (4.2) can be written as

el rl ?'f
Do atk il )Y el
B2,y

where, according to (3.4},

E a”” "r’... e

produces p! S-functions labelled by all permutations of rij, rh, ..., rip. Therefore the
S-function content of (4.1) is

kK £ B .
Z E .. ‘Z“("= Iboy o dp) {rlyyrly, . rlp). (4.4)

L=05=0 I,=0

For example, for p =3, r =2 and k =3 we have the following series:

H(I-a)3 ZZZ( 1)"'”2“3( )(Z) (Z){zz;,zzz,zg} (4.50)

=0 Iz=0 I5=0 :
which can be quickly worked out to give, after conversion of the non-standard S-functions,

V3 = {0} —3{2} +3{11} +3{4} — 3{31} +9{22} —6{211}
— {6} + {51} — 9{42} + 8{411} + 9{33} — 18{222}
+3{62} — 3{611} — 3{53} + 9{44} — 6{431} + 24{422} — 18(332)
— 3{64} + 3{631} — 9{622} 4 3{55} + 6{532} — 24{442} + 18{433}
+ {66} — {651} + {642} — 9{633} — 8{552} + 18{444}
— 3{662} + 3{653} — 9{644} + 6{554} + 3{664} — 3{655} — {666}. (4.5b)

4.1.2. S-function series produced by the generating function
1_[(1,_ CDRY with r, k > 0. ’ (4.6)
i<
Forr =k =1, (4.6) is the generating function of the classical series A. Thus
[Ta = ey =14 ® p 1. - @7
i<j :

Expanding the polynomial function yields

[0 = o)yt = 1‘[2( 1)’( )(a,aj)”

i<j f<j I=0
k k k

= Z Z ---Za(k,fu,lu,...,fp—ip)

halisadip laslzg. dop fp-1p

{yzrligbeoriy)  Flligiage ol gt
a;‘ 123ty a;i 123+ +zp)___a:;( 1pHagtotlpatp) (4.8)
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where

Fegobef i verclel el
alk, 2, Iy, ..., lp-lp) = (=1 1zl gttt g etlp o

) (:2) (:3) o (zfp) (;:3) (z;) ” (z:,,) v (1:1,,)' (49)

Once again, since all integers /; assume values from zero to & and the coefficients
aflk, li2, I3, ..., [p_;p) are invariant under any permutation of fixed values of these variables,
the polynomial (4.8) is equivalent to the S-function series:

£ k LS
Z o .Ea(k, has 1z, - vidpm1p)

ol dip stz dae  bpelp
x{r(la+l++hp) rda+in 4 +ip), . rllip+iap+- - -+ lp-1p))
{4.10)

For example, for p =3, r = 2 and &k = 2 series {4.10) reduces to

2 2 2
[A@pl= ) (—1)"2*‘"3'“’3(1 )(: )(l ){zau+113),2uaz+iza),2(hs+tzs)}

hadialn 12 13 B

(4.11a)
or explicitly

[A ® pa* = {0} — 2{22} + 2{211} + {44} — {431} + 4{422} — 3{332}
— 2{642} + 2{633} 4 2{552} — 6{444} + {844} — {754} + 4{664} — 3{655}
- 2{866} + 2{776} + {888}. (4.11b)

4.1.3. S-function series produced by the generating function

P -
[ Jtao + a10; + azod + ased + -+ +anely*  with k > 0. (4.12)
i
Since
n k kn
(@0 + a1x +aox* +asx* + .+ g™ = (Za,,x") = Z cla; k, 1, n)x (4.13)
g=0 =0

where c(a; £, I, n) are coefficients that incorporate the parameters o; and give, for particular
values of % and #, the occurrence of the term x! in the expansion, then

P P kn
H(ao +a; + aza? + a3a:,-3 + e aef) = HZc(a; k1, n)o!
i i 1=0
knt I
= > cakh.mc@k g .. .clakl,n)dia. af. (414
Ity lp=0 -
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It can be easily checked that expansion (4.14) is a sum of symmetric polynomials,
similar to (4.2} and (4.8), thus they correspond to the following S-function series:

kn

Z cla; k, Iy, n)c{as k, la,n) . ..cla; k, lpy ) .. (I f2, o0 ) (415)
Bzl p=0 .

The multiplicity coefficients c(a; k, £;, #), obviously dictated from combinatorics, are treated
in more detail in section 5.

Some special examples of this series have been studied by Yang and Wybourne (1986),
Lascoux and Pragacz (1988) and King ef af (1989).

Note that the generating function (4.1) can be considered a parucular case of the
generating function (4.12) with

1 i=0
a =4 —1 i=r
0 otherwise.

4.2, Infinite series

1t is obvious that for negative values of k the generating functions (4.1}, (4.6) and (4.12)
yield infinite expansions in the indeterminates o; and therefore generate infinite series of
S-functions. Expressing again the generating function as a sum ‘of polynomials of type
(3.1}, one gets then the expansions )

H(l —la,f)k =11 (g;“"ﬂ)k

i

> (4.16)
= > mkdomE ) om ) rhrl, )
Inlzyndp=0
! n')
T T o
E(I—(a,-aj)’) E(Z( J)
o
= Z mk, limik, li3) - -m(k, | -1.p)
haditeedp-1,=0
){rli+hs+--+hp), rlip i+ tlap), o, rlipap e +lpor,p)}
(4.17)
M)
S\l 4o+l ol
o
= E m(cs k, Imic; e, B) -+ -m{c; & bp) U Bae ey D} @18)
103, dp=0 : )

where the multiplicity coefficients m(k, l) and m(c; &, 1) are given explicitly in the next
section,
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5. The multiplicity coefficients

In the actual evaluation of the S-function content of a series one practical aspect to consider
is the time it takes to generate all the desired terms. This time can be reduced considerably
if an efficient algorithm exists to compute rapidly the multiplicity of each S-function in the
Series. ‘

A convenient way to implement the calculation of these multiplicities is to identify the
coefficients multiplying each S-function, such as c(a; &, };, n) or m(k, I;) in (4.14) and (4.16)
respectively, with the elements of a suitable matrix. ‘

Essentially, two types of matrix are needed to evaluate the coefficients appearing in the
series presented in section 4. A matrix M‘!, from which the coefficients c(a; &, I, n) can
be extracted by making the identification

cla; k, L, n) = MYk, D)
and whose elements, MV (i, j), are given by

ML 5y 0 ifj=n (5.1a)
=1y iogign a
0 for j > in
MOYG =4 L
> MM —1,v) x MO, j—v) for0< j <in
v=0
(5.15)
and a matrix M@, with an infinite number of columns, whose elements, defined by
a; fori=1land j=0,1,...,0

MG, j) = Zj 2 s @y f ; i
MY i—=1,v)yx M1, j—v) foriz>2and j=0,1,...,00
v=0

(52)
give the coefficients m(k, I) through the relation 7
mik, 1) = MP (k, 1).

The set up of the above matrices follows straightforwardly from a generalization of the
binomial formula. '

For example, the coefficients required in the expansion of series (4.12) with n = 4,
k=3 and gy = a, = a1 = @3 = a4 = 1 are obtained from the third row of the matrix

1111 1 ¢ 0 0 O O 000

MY = (1 23 4 5 4 3 2 1 0 00 0). (3.3)
1 3 6 10 15 18 19 18 15 10 6 3 1

On the other hand, infinite expansions such as

k oo & o)
( 1—1x") = (Zw) = " m(k, Dx" (5.4)
u=0 =0
() = (Sy) =S
=) = (—1)"x"“) =Y mE,Dx" (3.5)
1 4+x g

u=0

k o0 k oo
( : __1 5xr) = (Zﬁ“x’“) =Y m(k,nx" (5.6)

=0 =0
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involve the coefficients m(k, ) which can be calculated from a matrix M ‘? with the elements
of the first row being

1 for (5.4)
MAPD = |(~1)" for (5.5)
B for (5.6).

So, the coefficients needed in expansions (4.16) or (4.17) when, for example, £ = 4 are
given by the fourth row of the matrix

11 1 1t 1- 1 1 1 1 1
3 4 5 6 7 8 9 10 11 12
6 10 15 21 28 36 45 55 66 78
10 20 35 56 84 120 165 220 286 364

MP = (5.7)

— o el
WA =

Now, the coefficients m(c; &, I), though not simple coefficients like the other two,
can also be quickly computed. The coefficient m(c; k, !} could be called a ‘compound
coefficient’ since, as shown in the following analysis, one needs both types of matrix to
determine it. In fact,

1 N , }
= —1)f 24 ﬂE)
((1+x+x2+...+xn)) (;( )(x+x -+ x)

k 0 k foe]
(I + Z( )¢ Zc(a; £, 1, n)x“) = (1 + Zc;xf) = Zm(c; kD'
. j=I 1=0

u=l_

(5.8)

where the coefficients c(a; &, ., n) are first obtained from the &th row of a matrix M‘D
with parameters ap = 0, @; = @ = --- = @, = 1 and then the coefficients m(c; &, /) are
extracted from the kth row of a matrix of type M@ whose elements on the first row are

1 for j =0
MAQ, j)y =

j - 7,
¢ =Y (—Dfc(a; €. j,n) otherwise.
£z

6. Aplications

6.1. Generating other series

From the three basic types (finite and infinite) of series given in section 4, others, more or
less elaborate, can be derived easily. Take, for example, the so-called series C (Black et al
1683) whose gencranng function is

[T~ = ]'[(1 —az)n(l — ajay). ©.1)

igf J<k
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This function is obviously the product of generating functions (4.1) (withr =2 and k= 1)
and (4.6) (with r =1 and &k = 1). Expanding (6.1)

1

C= X ipmemn.
nyng, e my=0
L ottty Tt It
1yttt p ety feteebze S teipeLp
x (-1) e o, @

h2di3svndpet, p=0

—_ Z Z (_l)m;+mz+---+mp (- 1)!12+I13+---+lp_|,p

M2y 0l p IIZy‘!IZ--"Jp—l.p

TR TS Y TS R 2mp iy ptertip1,
XZ"H 1+t lpaz 2+ Zp___app 1p p=l.p (6.2a)

where again

T TER (RTRRE S, PR NS, Dbty gty
alm’l"l“m"}“ +lpa2 2412 Zp...ap pTilp p—1.p

corresponds (cf (3.4)) to p! S-functions of fixed values m; and ;. Thus,

1 1
C = (__1)m1+n‘Iz+-'-+mp(_1)-’12+[13+-"+1p_1,p

Ry g, =012, 113 e dpe 1, p=0
X {2my a4l 2metha o lap, oo 2mp g+ L p)
(6.2b)

Comparing result (6.2b) with (4.4) and (4.10) one can then generalize and give the two
following rules (cf also appendix A):

When a compound generating function is made of partial generating functions whose 8-
function content is known, then

(i) each S-function, generated by the compound function, is derived from S-functions
in the partial expansions (one from each), by adding their corresponding parts;

(ii) the coefficient associated with each new S-function is the product of the coefficients,
in the partial expansions, associated with the S-functions that give rise to this particular new
S-function.

If one restricts (6.25) to S-functions with ro more than two parts (p = 2) series C
reduces to

1

1
C= Y D (=1ymt=om +1,2m; +1}. (6.3)
m;,mz=0 =0

The possible combinations of values assumed by m;, m2 and ! and the S-functions to which
they give rise are summarized in table 1.

Since —{02} = +{11} and +{13} = —{22} series C reduces further to

C =1{0) - {2} + {31} — (33}. (6.4)
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Table 1, Terms in the expansion of (6.3).

m my {AtAz}
0 Q 0 +£0}
1 0 ] —{2}
0 1 0 —{02
0 c 1 —{11}
I 1 0 +{22
1 )} 1 +{31}
0 1 1 +{13}
1 1 1 —{33}

The series C> = C x € x C is equally easy to generate. Restricting again to S-functions
divided into no more than two parts, this new series is, in compact form,

3

2 3N/ 3\/3\ . :
3_ — m m:f
= 3 Y -pm* +(mi)(m)(l){2m1+f,ZM2+l}. (6.5)

ml.m2=0 =0 2

The set of S-functions that result from all possible combinations of values assumed by
mi,mz and ! (from zero to three) are, after reduction of equivalent S-functions,
C* = [0} — 3{2} + 3{22} + 6{31} + 3{4} — 10{33}

—~ 9{42} — 8{51} — {6} + 6{44} + 18{53} + 962} +3{71}

— 6{55} — 18{64} — H{73} — 3{82} + 10{66} + {75} + 8{84}

+ {93} — 3{77} — 6{86} — 3{95} + 3{97} — {99}. (6.6)

Clearly, one advantage of this method is the possibility of deriving the S-function content

of the product of & copies of a given series (or the product of any number of series) without
having to determine the explicit expansion of each constituent series first.
6.2. Occurrence of a particular S-function in a series

The method advocated in this paper is particularly appropriate to the calculation of the
multiplicity of 2 given standard S-function in a series without having to generate the whole
series. Consider, for example, the multiplicity of the S-function {444} in the series D*,
n = 1, generated by

Q{0 R (0 R

igf i i k<t

Since {444} is equivalent to the non-standard S-functions {354}, {435}, {336}, {255} and
{246} (cf 2.9), their multiplicities in expansion (6.7} have also to be taken into account.
The S-function content of (6.7) is, according to (4.16) and (4.17),

- o0 X

Z Z cln, vy, v, v3, 1, 12, 13)

v1.v2,15=0 {1 i, =0

x (21 + I+ b5, 2+l + b, 203 + I + ) (68
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with
c(n, v, vz, v3, 41, Iz, 53) = m(n, v)m(n, vo)m(n, vi)m(n, Iy )m(n, l)m(n, l3)

where the restriction to p = 3 is justified since S-function {444} and its non-standard
equivalents have length three. The coefficients m(n, v;) and m(n,l;), i = 1,2,3, are
obtained from the nth row of matrix (3.7).

Table 2 shows the multiplicities of the above mentioned S-functions in the series D"
for n = 3 and » = 10. These multiplicitites are obtained by adding up the coefficients
¢(n, v1, v, v3, 11, [, I3) corresponding to all possible combinations of v; and /; that give rise
to the particular S-function. The possible combinations of v; and /; and their associated
coefficients are given in tables 1-6 of appendix B.

Table 2. Multiplicities of {444}, {354}, {435}, {246}, {255} and {336} in expansicn (6.8) for

n=3and n=10.
S-function Mult. in ¥ Mault: in D0
{444} 4185 3925725

(354} = {444} 13555 333300
{435} = —{444] 3555 3333000
{246} = —[444] 2421 2060575
{255} = +{444} 2610 213520
{336) = +{44d} 2792 2516 800

One can then conclude that the total multiplicity of {444} is 56 in the series D® and
29470 in D0, It should be emphasized the fact that with this method both numbers are
equally easy and fast to calculate.

6.3. Outer product and skew division of an S-function by a series

Another attractive feature of this method is the fact that one can easily evaluate the outer
product or skew division of an arbitrary S-function by any series, without having to derive,
beforehand, the series explicitly.

Consider the outer product of the S-function {A;,As,...,A,} by the series whose
generating function is

[Ta—20+e? 2032 = ¥ cla;2.h.3e@ 2, 0,3 .0 2, by, Delaf ...of.
i PR

6.9
The variables /1, I, . . ., I, can take any integer value from zero to six and the corresponding
coefficients are given by the second row of a MV type matrix
1 -2 1 =20 0 ¢
(1 -4 6 —8 9 —4 4)' (6.10)
Expressing {A1, A2,..., Ap} in determinantal form
aa;t1+p—l ai‘”p"z L “?P
agt+P—1 a;2+P_-2 L aé"
S /A@) (6.11)
a;r;'P'-l a;z-llp—z . a.;p
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it is immediate that multiplication by the polynomial function (6.9) yields the series

Z cla; 2,1, ...cl@ 2, L, )M+l ha+0, ..., A+ )L (6.12)
.

Or the other hand, the skew division of {A1, A2, ..., Ap} by the same series is obtained
by multiplying the determinant (6.11) by

3 el@i2. i, de@ 20,3 cl@i 2.0, e e ep " (6.13)

dzeendp
The result is then

3 a2 0, 3e(@i 2,85, 3) 0@ 2, Ly DA — By Ao by oy hp — ) (6.14)
t gl

So, for example, the skew division of {222} by the above series is in compact form

Z cla; 2,0, 3c(a; 2,1,3)c(a; 2, 3,3 2-0,2-5L,2 -5} (6.15a)

indadz

Note that in a skew division the resulting series can never contain S-functions with a length
greater than the length of the S-function being divided. So (6.15z) has naturally been
restricted to three parts. The series (6.15a) can easily be expanded to give

{222} — 4{221} + 6{22} + 10{211}_- 16{21} — 24{111} + 4{2} + 37{11} — 4{1} — 14{0}.
‘ (6.15B)

As an example of the outer product let us consider the S-function to be {2} and the
series the same as above, (6.9). The result is

> @2, b, De@ 2,0,3) .. .c@ 2,1, D2+, by ) (6.160)
u’l.fz,....fp ) .

The maximum number of parts that the S-functions in the resulting series are allowed to
have, has to be chosen now in order to truncate it. Taking p = 2 so that the list does not
become tediously long, one has the following series

{22} — 4{32} + 6{42} + 10{33} — 8{52} — 16{43} + 9{62}
+ 23{53} + 4{44} — 4{72} - 32{63} ~ 12{54} + 4{82} + 12{73}
+ 38{64} + 10{55} — 16{83} — 8{74} — 48{65} + 24{84} + 8{75} + 49{66}
— 32{85} — 4{76} + 36{86} — 20{77} — 16{87} -+ 16{88}. (6.17)

In conclusion, obtaining a unified procedure for the actual evaluation of the S-function
content of any homogeneous polynomial function whether it be the generating function of
a known classical series or any other function not yet explored was attempted. Although
the results of the examples given here can be checked by hand they have been generated
by computer codes able to handle more elaborated situations. The method is such that
programs can be straightforwardly customized.
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Appendix A

Consider the two series whose generating functions are

I1 (1 _la_z)z (A1)

i i

and its inverse

[Ja-ed? (A2)

The result of the outer product of these two series is obviously {0} = 1. Let us see that
this simple result follows from the rules, given in section 6, for determining the S-function
content of a compound generating function from the S-function content of the composing
functions.

Given that the S-function content of (A.1) is

[+3)

3 m@m@,b)...m2, Y2k, 2, ..., 2} (A3)

1 .[z,...,fp=0
and of (A.2)

2
> ( : )(2 ) ( y )(—1)'"1+'"2+"+'"P{2m1, 2mz, ... 2mp) a4

mymz,.. =0 mi m?a mp

then the S-function content of the generating function which is the product of (A.1) and
{A2)is

3 : 2\/2 2
IS M(Z,ll)M(Z,lz)-..m(2,fp)<ml)(m2)...(mp)

Ind e dp=0 mma, . mp=0
X (—1)™EmEE e (0] & 9my, 2p + 2ma, . .., 2p + 2mp). (AS)

In order to prove that expansion (A.5) reduces to a single term, {0}, note that any part
[, A =2 + 2m;, of the S-functions in (A.5) can only assume even integer values and that
an arbitrary even integer, say 2k, can be obtained in three ways:

m=k1l;=0 with a coefficient = £+ 1
m=k—1,1 =1 with a coefficient = —2(k)
mi=k—2,1;=2 with a coefficient =% — 1

where the associated coefficients are immediately derived from

m2, )y =h+1

O 0= -

Since the different parts assume values independently of each other then, with the exception
of {0}, ail other S-functions appear with multiplicity zero.

and



S-function series revisited 2195

Appendix B

Table Al. Combinations of v and /; yielding [444}. The coefficient assaciated with each
combination is given in the last two columns for series D3 and D'? respectively. ‘The multiplicity
of {444} in D? is 4185 and in D0 3925725.

v vz v3 i I I3 Coeff.  Coeff.

0 0 0 2 2 2 26 166 375
0 0 1 3 1 1 270 220000
0 0 2 4 0 0 20 39325
¢ 1 0 1 1 3 270 220000
0 1 1 2 0 2 324 302 500
0 2 0 (] 0 4 %0 39325
1 0 0 1 3 1 270 220000
1 0 1 2 2 0 324 302500
1 1 ¢ 0 2 2 324 302 500
1 1 1 1 1 1 729 1000000
1 1 2 2 0 0 324 302500
1 2 1 0 0 2 324 302500
2 0 0 0 4 0 90 393235
2 1 1 0 2 0 324 302500
2 2 2 0 0 0 216 . 166375

Table A2, Combinations of v; and J; yielding {354). The coefficient associated with each
combination is given in the last two columns for series D° and D10 respectively. ‘The multiplicity
of {354} in D is 3555 and in D™ 3333000. -

v ) 3 If ') 7 Coeff. Coeff.
1] 0 Q 2 3 i 180 121060
0 0 1 3 2 0 180 1214000
0 1 [\ 1 2 2 324 302500
0 i 1 2 1 1 486 550000
0 1 2 3 0 8] 180 121 000
0 2 0 1] i 3 180 121 000
0 2 1 1 0 2 324 302500
1 0 0 1 4 0 135 71500
1 1 0 0 3 1 270 220000
1 1 1 1 2 0 486 550000
1 2 1 0 1 1 486 55000¢
1 2 2 1 0 [ 324 302500

Table A3. Combinations of v; and /; yielding {435}. The coefficient associated with each
combination is given in the last two columns for series D* and D' respectively. The muIUphczty
of {433} in D is 3555 and in D0 3333000.

" V2 V3 i b I3 Coeff. ' Coeff.

0 0 0 1 2 3 180 121000
0 ¢ 1 2 1 2 324 302500
0 0 2 3 0 i 180 121000
0 i ¢ Q 1 4 135 71500
0 1 i 1 0 3 270 220000
1 0 0 Q 3 2 180 121000
1 1] 1 i 2 1 436 550000
1 o 2 2 1 0 324 302500
1 1 i G 1 2 486 550000
1 1 2.1 0 1 486 550000
2 0 1 0 3 0 180 121 000
2 1 2 0 1 0 324 302500
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Table Ad. Combinations of v; and /; yielding {246}. The coefficient associated with each
combination is given in the last two columns for series D? and D0 respectively. The multiplicity
of {246} in D? is 2421 and in D0 2060575.

V1 vz v3 i 123 1) Coeff. Coeff.

0 0 0 0 4 2 90 39325
0 0 1 1 3 1 270 220000
0 0 2 2 2 0 216 166 375
0 1 1 0 2 2 324 302 500
0 1 2 1 i 1 486 550000
0 1 3 2 0 0 180 121 000
0 2 2 0 [} 2 216 166 375
1 0 1 0 4 0 135 71500
1 1 2 0 2 0 324 302 500
i 2 3 0 [} 0 180 121 000

Table AS. Combinations of v, and / yielding {255} The coefficient associated with each
combination is given in the last two columns for series D3 and D'0 respectively. The multiplicity
of (255} in D3 is 2610 and in D' 2313520, :

vy vy v3 i 13 i3 Coeff. Coeff.

0 0 ¢ i 4 1 135 71500
0 0 1 2 3 0 180 121 000
0 1 1] 0 3 2 180 121000
0 1 1 i 2 1 4386 550000
0 1 2 2 1 0 324 302 500
¢ 2 1 0 1 2 324 302 500
0 2 2 1 0 1 324 302 500
1 Q Q 0 5 [+ 63 20020
1 1 1 [} 3 0 270 220000
1 2 2 0 1 0 324 302 500

Table A6. Combinations of v; and /; yielding {336}. The coefficient associated with each
combination is given in the last two columas for series D3 and D0 respectively. The multiplicity
of {336} in D is 2792 and in D'® 2516800.

7 3 n h i i Coeff. Coeff.

0 0 0 0 3 3 100 48 400
0 0 1 1 2 2 324 302500
0 0 2 2 1 1 324 302500
0 0 3 3 0 0 100 48 400
0 1 1 0 1 3 270 220:000
0 1 2 1 0 2 324 302 500
1 0 1 0 3 1 270 220000
1 0 2 1 2 0 324 302500
1 1 2 0 1 1 486 550000
1 1 3 1 0 0 270 220000
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